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Abstract. Using a generalised Killing- Yano equation in the presence of torsion, 
spacetime metrics admitting a rank-2 generalised Killing- Yano tensor are investigated 
in five dimensions under the assumption that its eigenvector associated with the zero 
eigenvalue is a Killing vector field. It is shown that such metrics are classified into three 
types and the corresponding local expressions are given explicitly. It is also shown 
that they cover some classes of charged, rotating Kaluza-Klein black hole solutions of 
minimal supergravity and abelian heterotic supergravity. 
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1. Introduction 

Killing- Yano tensors which were introduced by K. Yano pLj as a generalisation of Killing 
vectors to higher-rank antisymmetric tensors, have attracted the interests of many 
authors in the study of black hole physics as their presence endows black hole spacetimes 
with remarkable mathematical properties. For instance, B. Carter [2] studied a certain 
class of metrics including the Kerr metric as well as Kerr-Newman metric. 



which is called Carter's class. He demonstrated that for all the metrics of this class, 
both the Hamilton-Jacobi and Klein-Gordon equations can be solved by separation of 
variables. These separability structures are known to be deeply related to the existence 
of rank-2 Killing- Yano tensors. Moreover, W. Dietz and R. Rudiger [3] have shown 
that any four- dimensional metric admitting a rank-2 Killing- Yano tensor can be always 
written in the form of Carter's class. Namely, in four dimensions spacetime metrics 
admitting a rank-2 Killing- Yano tensor involve many rotating black hole solutions of 
Einstein's equations, e.g., Kerr and Kerr-Newman metrics, and due to the Killing- 
Yano symmetry, some test field equations such as Hamilton-Jacobi and Klein-Gordon 
equations are solvable by separation of variables. One of our tasks remaining in this 
direction is clarifying what happens in higher dimensions. 

The investigation of Killing- Yano symmetry in higher- dimensional black hole 
spacetimes has just started in the last decade, e.g., see reviews |1H6]. It is known that 
in higher-dimensional vacuum solutions describing rotating black holes with spherical 
horizon topology [71-fTO]. rank-2 closed conformal Killing- Yano tensors explain the 
separability of the Hamilton-Jacobi and Klein-Gordon equations on those spacetimes. 
Here, conformal Killing- Yano (CKY) tensors are antisymmetric tensors which were 
introduced by S. Tachibana [11] and T. Kashiwada [12] as a generalisation of conformal 
Killing vectors. However, CKY tensors are no longer useful to explain separability 
structure in higher-dimensional charged, rotating black hole spacetimes. Accordingly, 
a further generalisation of CKY tensors was introduced by the authors of [T3l[T^ . The 
generalised CKY tensors can be thought of as CKY tensors on spacetimes with a skew- 
symmetric torsion T. The torsion is usually (not necessarily) identified with matter 
fluxes appearing in the theories. For instance, the five-dimensional gauged minimal 
supergravity black hole [I5] admits a rank-2 generalised CKY tensor when the torsion is 
identified with the Hodge dual of the Maxwell filed, T = *F/^/d,. It was also shown that 
the abelian heterotic supergravity black holes as well as their generalisation to higher 
dimensions [T61 - IT8] admit a rank-2 generalised CKY tensor. In this case, the torsion is 
identified with the 3-form field strength, T = H. 

Compared to the asymptotically flat black holes, the separability structure of black 
strings or Kaluza-Klein black holes has not been studied very well. Since the inheritance 




r 



.2 j^p- 



-^{dr — r'^daY , 



(1.1) 
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of separability by the uplift which is obvious for vacuum solutions is also expected 
in the presence of flux along the extra dimension, we are lead to the investigation 
of the generalised Killing- Yano symmetry in those spacetimes. In this paper, we 
thus elaborate the relationship between Killing- Yano symmetry and separability of the 
Hamilton-Jacobi and Klein-Gordon equations in charged, rotating Kaluza-Klein black 
hole spacetimes, especially in the five-dimensional minimal supergravity and abelian 
heterotic supergravity. In fact, it is shown that Killing- Yano symmetry of the Kaluza- 
Klein black holes are described by rank-2 generalised Killing- Yano tensors. 

The presence of Killing- Yano symmetry itself is a strong enough restriction so 
that one can obtain explicit expressions of the metrics before imposing the dynamical 
equations. For example, the most general metric admitting a rank-2 closed CKY tensor 
was obtained in arbitrary dimensions [191 120]. Even when it is not possible to write 
down the most general metric, this approach enables us to understand separability 
structure of various black hole spacetimes in a wider and unified framework [2T1[22]. By 
making a suitable simplification, we indeed derive a class of five-dimensional metrics 
admitting a rank-2 generalised Killing- Yano tensor, which include and generalise the 
known examples of black strings and Kaluza-Klein black holes. 

This paper is organised as follows: In Sec. 2, we first attempt to classify spacetime 
metrics admitting a rank-2 generalised Killing- Yano tensor in five dimensions under the 
assumption that there exists a particular Killing vector field. A large family of metrics 
is obtained. We find that resulting metrics are classified into three types, which we 
call type A, B and C, and some local expressions of the metrics are given explicitly. 
In Sec. 3, we consider the solution in the five- dimensional minimal supergravity, which 
is obtained as an uplift of the Kerr spacetime, and see that the metric falls into type 
A of the classified metrics. It is shown that a rank-2 generalised Killing- Yano tensor 
is responsible for separation of variables in the Hamilton-Jacobi and Klein-Gordon 
equations. Using the type A metric classified in Sec. 2, we construct the general 
solution in the five- dimensional minimal supergravity. In Sec. 4, we review the charged, 
rotating black string solution discovered by Mahapatra ||23] in heterotic supergravity. 
We will see that the metric falls into type A again. The separability of the Hamilton- 
Jacobi and Klein-Gordon equations is also associated to a rank-2 generalised Killing- 
Yano tensor. Adopting the generalised Killing- Yano symmetry, we construct a class of 
charged, rotating Kaluza-Klein black hole solutions in the theory. Sec. 5 is devoted to 
summary and discussion. 

2. Metrics admitting a rank-2 generalised Killing— Yano tensor in five 
dimensions 

In this section, we attempt to classify spacetime metrics admitting a rank-2 generalised 
Killing- Yano tensor in five dimensions. Although we are interested in Lorentzian 
manifolds, for simplicity, the calculation in this section is carried out in Euclidean 
signature (+, +,■■■,+). Applications to Kaluza-Klein spacetimes in mind, we assume 
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that there exists a particular Kilhng vector field that is an eigenvector of the generalised 
Killing- Yano tensor with zero eigenvalue, leaving more general investigations for a future 
work. In Sec. 2.1, we begin with reviewing the basics of the rank-2 generalised Killing- 
Yano tensors. Introducing canonical frames associated with such tensors, we derive 
the general forms of connection 1-forms in terms of the canonical frame in Sec. 2.2. 
The computation there is performed by exploiting the technique of [22]. Furthermore, 
we proceed to restrict the forms of the connection 1-forms by imposing integrability 
conditions, so that commutation relations among canonical basis vectors are obtained 
in Sec. 2.3. Finally, solving the commutation relations in Sec. 2.4-2.6, some local 
expressions of the metrics are given explicitly. In the process of solving the commutation 
relations, we find that resulting metrics are classified into three types, which we call type 
A, B and C. 



2.1. Basics 

Let {M,g) be a five- dimensional Riemannian manifold and {e^} be an orthonormal 
frame. Throughout the article, Latin indices a, 6, ■ ■ ■ range from 1 to 5. Greek letters 
/i, z/ ■ ■ ■ will later be used to denote two-dimensional eigenspaces of non-zero eigenvalues 
of a 2-form. The dual frame {e"} satisfies Ca-i e!' = Sj' where J represents the inner 
product. A p-form k is written as 

^ ~ ~\ ^ax---ap e ^ A e , fc[ai---ap] = ^ai-'-ap • (2-1) 

For a 2-form /, a rank-2 Killing- Yano tensor, introduced by [Ij, is subject to the 
equation 

Vafbc + Vbfca = , (2.2) 

where Va is the Levi-Civita connection. In the presence of a skew-symmetric torsion, 
T[abc] = Tabc, a connection is defined by 

V^X" = VaX' + h'JX' . (2.3) 

By replacing the connections Va in (12. 2p with Vj, rank-2 generalised Killing- Yano 
(GKY) tensors are defined [13] by 

Vlfbc + Vlfac = Q . (2.4) 

For a rank-p GKY tensor, the Hodge dual gives a rank-(Z} — p) generalised closed 
conformal Killing-Yano (GCCKY) tensor in D dimensions [21]. In D = 5, the Hodge 
dual h = *f oi a. rank-2 GKY tensor / is a rank-3 GCCKY tensor obeying 

^'^hhcd = gabbed + gac^db + Qad^bc , (2.5) 

where 

U = I'^^'Kab (2.6) 
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is called an associated 2-form of h. Eq. f l2.5p implies that 

V^h^d] = , V^%a = . (2.7) 

In general, rank-2 GKY tensors are related to separation constants of Hamilton- 
Jacobi equations for geodesies. For a rank-2 GKY tensor /, the corresponding separation 
constant k^^"^^ is given by 

= KabU'^U^ , (2.8) 

where 11" is the canonical momentum associated with the geodesic and 

Kab = facfb' (2.9) 

is a rank-2 Killing-Stackel tensor satisfying V(a-ft'bc) = 0. The separation constant of 
the Klein-Gordon equation k^^'^^ appears as an eigenvalue of a symmetry operator [23] 

i^ = Vai^"^Vfe (2.10) 

that satisfies [K, □] = where □ is the scalar wave operator □ = g'^'^'VaVb- That is, 
2.2. General forms of the connection 1-forms 

Let us consider a rank-3 GCCKY tensor h in five dimensions, which is equivalent to 
considering a rank-2 GKY tensor /. Then one can always find an ortho normal frame 
{e"} = {e'^,e^ = e^+^,e° = e^},/x =1,2 such that a metric g and a rank-3 GCCKY 
tensor h are simultaneously written in the form 

2 

g = ^(e^ ^e^ + e^® e^) + e° ® e° , (2.12) 
^l=l 

2 

h= ^x^e^" ^e\ (2.13) 

^l=l 

where are called the eigenvalues of h. The rank-3 GCCKY tensor is said to be non- 
degenerate if its eigenvalues are non- vanishing functions with xi ^ X2- Since there 
are still degrees of freedom under rotation in each (e^, e^)-plane, the orthonormal frame 
is fixed completely by introducing a 1-form 77 as 

r] = -e^j$, = ^le^ + ^2e\ (2.14) 

where ^ is the associated 2-form introduced in (12. 6p and Qi and Q2 are unknown 
functions. This means that we used the remaining rotations so as to set ^10 = ^20 = 0. 
The fixed orthonormal frame is called a canonical frame. With respect to the canonical 
frame, the rank-2 GKY tensor / and rank-2 Killing-Stackel tensor K, given by (12. 9p . 
are written as 

/ = xae^ A + xi A , (2.15) 
K = xl (e^ + ® e^) + xl (e^ ® + ® e^) . (2.16) 
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The GCCKY equation fl2.5p can be thought of as relating components of connection 
1-forms a;"^ to the eigenvalues of the GCCKY tensor h and their derivatives. 
Exploiting the technique of [22] which was developed for rank-2 GCCKY tensors, we 
now apply it to rank-3 GCCKY tensors in five dimensions. Thus a similar calculation 
leads us to the following results: 



ly 2 2 



/ <T^ 2 /y> 2 



rp 2 / yj 2 



X,. 



X, 



Xj. 



x: 



X,, 



fY»2 <-v>2 



/y»2 /yj 2 

QfJ^ Xf^^f^C + Xy^pj^ ^g 



Xj/ Xy 

where the symbols Kab are defined as 



vT 



(2.17) 
(2.18) 
(2.19) 

(2.20) 

(2.21) 
(2.22) 
(2.23) 

(2.24) 



2.3. Integrability conditions 

To obtain the information about second derivatives Kab, we consider the integrability 
conditions of the Killing- Yano equation (12.51) . 

— R^^adehfbc — bdehfca — R^^cdehfab 

= Qae^libc + Qbe^lica + 9ce^^U - {d ^ c) (2.25) 

where R^°'bcd are components of the Riemann tensor with respect to defined by 

(2.26) 

0, while they have the 



{VlVi:-VlVl + TjV'^)Z, 



dv7T\ 



-R 



Td 



cab^d 



The components do not satisfy the Bianchi identities R^°'[bcd\ 
following symmetries among their indices: 

-fi- bacd -fi- abed ; abdc 



-fi- abed 



(2.27) 



The general form of the integrability conditions is too complicated to solve 
analytically since it contains many coupled, nonlinear partial differential equations. 
Therefore, for simplicity, we impose an assumption that Cq is a Killing vector field. 
This is motivated by the fact that the known example which admits a rank-3 GCCKY 



tensor in the literature [22] satisfies this assumption. It leads us to vanishing of many 
components of the associated 2-form ^ and the torsion T. In fact, the Killing equation 
Va{e^)b + Vb{e^)a = implies 

^fiu = ^fifi = ^fiu = Cjiu = , (2.28) 

and hence it follows from the integrability conditions f l2.25p that 



T, 



flUU 



T, 



T, 



fiuQ 



T, 



fiuO 







T, 



fifiO 



T, 



The commutators now simplify to 



(2.29) 



2 ^ ' 



(2.30) 



where 



M„ 



[e^, Co] = , [e^, eo] = 

1 / XaQu 



"MM 



'^Xu\/Qi/ 



(2.31) 



— T 



The classification problem under the assumption that eo is a Killing vector field 
reduces to solving the commutators (I2.30p . The integrability conditions, e.g., the Jacobi 
identities, which have not been satisfied yet, give rise to two algebraic equations 



M^K2 = , MaiTi = , 
and a system of coupled, nonlinear partial differential equations 

Xi^y/Qi/ 



(2.32) 



x^ — X 



2^M, 



(L^) = — -L„ - M,M,, - 



.2 



[xl - xlf 



eu (M^) 



X, 



xf 



M 



(2.33) 



M, 



M 



y rp 

2" mAO 



and 



^0 (T^fio) 



■ 

, 



(2.34) 



eo (K^) = , e, (L^) = , e, (M^) = 

eo (K^) = , eo (L^) = , eo (M^) = 

Since at least there exist orthonormal frames satisfying fl2.30p if its integrability 
conditions hold, the algebraic equations f l2.32p imply that there are three types of the 
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solutions: A) Ki = K2 = 0, B) Mi = M2 = and C) i^i = Mi = or K2 = M2 = 0. 
For each type, we are able to find large families of solutions of the remaining partial 
differential equations. 



2.4- Type A metric 
2.4.1. Type AI 

Firstly, we consider Ki = K2 = case. In this case, we find the canonical frame {e^} 
satisfying the commutators ( 12.30p as 



X,. 



d 



<-y»2 <-y»2 



eo 



d_ 

dijj 



1 



d _ d 



dip J 



(2.35) 



where X^, and are unknown functions of one variable and A is an arbitrary 
constant. Rewriting (xi,X2) by {x,y), the corresponding metric is written by 
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+ 



X{x) ■ Y{y) 
h{xfX{x 



-dy' + {di/j + XWiY 



2 ^dT + y'da-Wi)' + ^^^^^^^^{dT + x'da-W, 



(2.36) 



where 



x^ — y^ 



Ni(x) 



{dr + y^da) + 



yZ. _ ^Z 

N2{y) 



(j/2 - a;2)$ 



{dr + x^da) 



$ = 1 



Ni{x) , N2{y) 



(2.37) 



+ 



J.2 _ y2 y"^ — x"^ 



The metric contains 6 unknown functions of one variable, X{x), Y{y), Ni{x), N2{y), 
fi{x) and f2{y)- Since the metric components are independent of the coordinates r, a 
and ip, d/dr, d/da and 8/ dip are three Killing vector fields. Then the torsion is given 
by 



2x 



f2{y) 



+ 



x^ — y'^ j\{x)\x^—y'^ 
2y h{x)f 2y 



2x 9 In $ 

+ 



dx 



Yjy) 

y^ — x^ 



j/2 - x2 /ad/) V|/2 - x2 dy 



(2.38) 



x^ — y2 



A (91n$ 1 t n 
+ -ir^^ — A A e" + 



A A e'' 



fi{x) dx /ad/) dy 

This type of metrics includes the charged, rotating black strings discovered by [23] and 
Kaluza-Klein black holes in abelian heterotic supergravity, as we shall see in Sec. 4. 
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2.4-2. Type All 

In the case of Ki — K2 — 0, we can find another family of canonical frame {Ca} such 
that 



— f 2 9 ^ M ^ \ 



(2.39) 



where X^, and arc unknown functions of one variable a;^^ again. Then the 
corresponding metric is given by 



H V ^("'^ + y «'^) H V T^yd'^ + «cr) 

X — y y X 



(2.40) 



where 



W2 = 4^(cir + y'da) + ^^{dr + x'da) . (2.41) 

The metric contains 6 unknown functions of one variable, X{x). Y{y)^ Ni{x), N2{y), 
fi{x) and f2{y) and has three Killing vector fields d/dr, d/da and d/dtl). The torsion 
is given by 



/i (x) J x"^ — y"^ y y'^ — x^ 



^ J2{y)^ -x^\l x^ -y^ 

^ I i 1 2 2 

/i(a;) /2(i/) 

This type of metrics includes the charged, rotating Kaluza-Klein black holes in five- 
dimensional minimal supergravity theory discussed in the next section. 

2.5. Type B metric 

Let us consider the next case Mi = M2 = 0. This is an exceptional type appearing only 
when the torsion is present. In this case, we find a solution 




d „ d \ _ "^f^ 9 _ d 

^--M ^dip) ' \lxl-xldy^' ^° dip ' 

where X^, and are functions of two variables and y^. Rewriting [xi, X2, yi, ^2) — 
{x, y, T, a), we obtain the corresponding metric by 

9 =^^i ^dx + -— -dy + — -dr + — -da 

Xi{x,t) X2{y,a) Fi(x,r) Y2{y,a) (2.44) 



+ {d%lj + 2'i(a;, r) dx + ^2(1/, c) <^|/) 



2 



10 



The metric contains 6 unknown functions of two variables: Xi(x,r), Yi(x,t), Zi(x,r), 
X2{y, a), Y2{y, a) and Z2{y, a). The torsion is given by 

2x IX2{y, a) ^^^^^^ 2y ^ ^ 



I Xi{x,T)Yi{x,T)dZi{x,T) ^1 , , ^0 



X2{y,a)Y2{y,a) dZ2{y,a) ^2 , ^2 , ^0 /o.rx 

+ Y - x-Y — ■ ^^-^^^ 

2.6. Type C metric 

In the last case, by virtue of symmetry between xi and X2, we can take = and 
M2 — without loss of generahty. The metric is given by 

^ ^ " -W)^ ^ *2(|/)^(-5(x)dr + dar) 

+ (dijj + y)dr + VL2{y)d(Tf , (2.46) 

which contains five functions of single variable E{x),Y{y),^i{x),^2{y),^2{y) and two 
of two variables X{x, r) and Qi(x, y). 

3. Killing— Yano symmetry of Kaluza— Klein black holes in Einstein— 
McLKwell—Chern— Simons theory 

In this section, we investigate Killing-Yano symmetry of Kaluza-Klein black holes in 
five-dimensional Einstein-Maxwell-Chern-Simons theory. The action of the theory 
consists of a (Lorentzian) metric g^i, and a Maxwell field ^4^, 

S= + A) -1*FAF + A F A A . (3.1) 

J 2 3v 3 

where F = dA is a field strength of the Maxwell field, A is a cosmological constant 
and Acs is coupling constant of the Chern-Simons term. This is said to be the pure 
Einstein-Maxwell theory when Acs = and the minimal supergravity when Acs = 1- 
The equations of motion are given by 

Rab + -^gab — ^ (^Fac^b'^ ~ ^QabFcdF"^^ , (3.2) 

d*F-^FAF = 0. (3.3) 
v3 

3.1. Uplift of the Kerr-Newman solution 

Many exact solutions of five-dimensional Einstein-Maxwell-Chern-Simons theory have 
already been discovered in literature. Of them, we focus especially on Kaluza-Klein 
type metrics. 
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with a Maxwell field written in the form 

A = Aidx' + pdijj , (3.5) 

where Wi, Ai, and p are functions of the coordinates a;* in four dimensions. Then we 
find that by setting 

= P = O, ^g = ^J^, (3.6) 

where -k represents the Hodge star with respect to g^^\ Q = dW and J- = dA, 
are field strengths in four dimensions, the action (13. ip consistently reduces to the 
four- dimensional Einstein-Maxwell theory (e.g., see [26]). According to [27], this 
identification leads to an uplift of the Reissner-Nordstrom solution for an arbitrary 
value of the coupling Acs. This fact motivates us to consider bundle over the Kerr- 
Newman spacetime. That is, the ansatz is the following: 

g = - —{dt -asi-n^ed(j)f + — rfr^ + T.dO'^ + ^-^^{adt - (r^ + a^)d(t)f 



'L '^'?'^/T • 2nji\ f3q COS 9 ~ ~ ^2 



(3.7) 



/L aqr ■ 2 n r ,\ pqcosv , , ,9 2\ 7 
+ I —dip :^[dt — asm dacp) — [adt — (r + a jdcp) 

A = -^{dt - asm^ed(P) - ^^l^^{adt - (r^ + a^)d(f)) , (3.8) 

Zj Aj 

and 

A = + + g2 - 2mr , E = + cos^ 6 . (3.9) 

If the Einstein-Maxwell-Chern-Simons theory is imposed, the equations of motion 
require the parameters a, /3, 7 and S to satisfy some algebraic relations. The Einstein's 
Eq. yields 

+ + 7^ + (5^ = 4 , (3.10) 

3{a^ - (3^) + -f^ - 6^ = , (3.11) 

3a/3 + 75 = 0, (3.12) 

which can be solved by 

a = -^, P = — ^, a^ + P^ = l. (3.13) 
V3 V3 



These relations actually imply the conditions (13. 6p . Although the Maxwell's Eq. (13. 3 p 
impose additional conditions 

2A 

a-f-(3S -^75 = 0, (3.14) 

v3 

a5 + /37+^(7'-5^) = 0, (3.15) 

the relations f l3.13p automatically guarantee them when Acs = 1- Otherwise, we have 
the trivial solution a = P = S = 'j = 0. If we were to set a = which corresponds 
to non-rotating (four-dimensional) spacetimes, Eq. ( I3.12p would have been absent and 
dynamical solutions could have been obtained for Acs 7^ 1 [27]. In the presence of 
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rotation a 7^ 0, only the minimal supergravity can accommodate the uplift within the 
present setup. 

The metric describes charged, rotating Kaluza-Klein black holes when /3 7^ and 
black strings when /3 = 0. The constant L represents the size of the extra dimension. 
The parameters m, a, g, a, 7 and 5 are related to five charges: mass M, angular 
momentum and that are associated with the if) and (j) directions, electric charge 
Q, and magnetic flux \E'. Thus obtained solution is trivial because this is just an uplift 
of the four-dimensional Kerr-Newman solution. However, as we will see below, this is 
an interesting example from the view point of generalised Killing- Yano symmetry. 



3.2. Hidden symmetry 

In this subsection, we show that the solutions obtained above fall into the general class 
of metrics derived in the previous section. Then, by writing down the Hamilton-Jacobi 
equation and Klein-Gordon equation on those spacetimes, we explicitly demonstrate the 
connection between the separability of these equations and the underlying Killing- Yano 
symmetry. 



3.2.1. Killing-Yano symmetry 

The metric (13. 7p admits three Killing vectors djdr^ djdo and d/dil). Besides them, we 
can find a rank-2 Killing-Stackel tensor and a rank-2 generalised Killing-Yano tensor. 
To see this, it is helpful to use the coordinates 

p = acos6', T = t — acj) , a= — , (3.16) 

a 

which Carter introduced in [2j to study separability of the Hamilton-Jacobi equation 
for geodesies in the Kerr spacetime. The coordinate transformation (I3.16P brings the 
metric (13. 7p to a simple algebraical form 

g = — Q—dr^ + — dp'^ 

- -4^{dT + p'daf + S^idr - r^daf (3.17) 

+ (dip + J dr + p'^da) + J dr - r'^da) 



where 



Q = r"^ - 2mr , V = - p^ , 

N, = -aqr, = -/3qp , A = 1 , ^ = 1 . 



(3.18) 
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The inverse metric is given by 



__ 1 f 2d d _ (9 \2 



- \r \ A^i 

dsJ flir'^ + p'^)Q\ dr da dip' 



^ fiir^+p^)VV dr da ^'S^J ^^'^^^ 

+ —^—( —Y + —^( —Y + (—Y 

r^ + p'^\dr/ r'^+p'^\dp/ \dip / ' 

Looking at fl3.17p . we notice that the metric is a Lorentzian counterpart of the type 
All metric f l2.40p obtained in Sec. 2.4. This means that f l3.17p admits a rank-2 GKY 
tensor. We may consider the metric with the functions of f l3.18p replaced by arbitrary 
one variable functions Q(r), V{p), Ni{r), N2{p), fi{r) and f2{p), which we call off-shell 
metric. By considering such an off-shell metric, we can deal with the metric (13. 7p in 
a more algebraically general framework. For the off-shell metric (I3.17p . the canonical 
orthonormal frame is introduced as 




e^-^^^dp, e^. fj ^i,r-r',a), (3-20) 



e° = d^+ (dr + p^da) + J dr - r^da) . 



With respect to this canonical frame, we can easily write down the metric and the rank-2 
GKY tensor as 

g = e^e' _ e'e^ + e^e^ + e^e^ + e'e" , (3.21) 

/ = pe^ Ae^+re^Ae^ . (3.22) 

From (12. 9p . we obtain a rank-2 Killing-Stackel tensor 

K = p\e^e' - e'e^) - r\e\^ + e^e^) , (3.23) 

which is given in terms of the coordinate basis by 

iT'^^ A A = t A + A _ iv, A)' 

/ d d d \ ^ 



r"^ + p'^KdrJ r'^ + p^\dpy 
3.2.2. Separation of variables in the Hamilton- Jacobi equation 

The existence of rank-2 Killing-Stackel tensors is in general related to separation of 
variables in Hamilton- Jacobi equations for geodesies 

g'^^daSdbS = -m^ . (3.25) 



14 



For the off-shell metric fl3.17p , since the inverse metric is given by f l3.19p , the Hamilton- 
Jacobi equation for geodesies f l3.25p can be solved by separation of variables with a 
function 

S = R{r) + e{p) + n^T + n^a + n^i/j , (3.26) 

where vr,-, tTo- and vr^ are arbitrary constants, and the functions R{r) and 6(p) satisfy 
the ordinary differential equations 

with the potentials including a separation constant n, 



Wr = r^TT^ + vr^ - A^ivr^ , K- = -(vrj + m^)r^ + k 
Wp = p^n^ -TXa- N2'7i^ , Vp = -(tt^ + m^)p^ - k 
The constant k, is given, by eliminating — m^, as 



(3.28) 



' 'Qn'r-^)--^VUl--^). (3.29) 



r2+p2V^ " /2Qy r2+p2V P /2p 
where = c^aS" is the canonical momentum given by 



n. = ±W(4^)+^> n, = ±J-(^)' + ^ (3.30) 




V 

and n,- = vr^. Her 

We have now four constants of motion. Three of them 11^, Ho- and 11^ are associated 
with the Killing vectors d/dr, d/da and d/dtp. The Killing-Stackel tensor Kab is 
responsible for the other one k. In fact, from the equation fl3.24p . one can easily confirm 
that 

K = K^'UaUb , (3.31) 

which is precisely the general relation (12. 8p . Its constancy is in general guaranteed by the 
commutativity with the Hamiltonian H = g'^^Ilallb under the Poisson bracket, namely 
{H, K,} = 0. Thus we have found that the charged, rotating Kaluza-Klein black hole 
spacetime (13. 7p does posses the separable structure for the Hamilton-Jacobi equation 
and its separation constant is indeed related to the underlying Killing- Yano symmetry 
that generates the rank-2 Killing-Stackel tensor necessary for separation of variables. 

3.2.3 Separation of variables in the Klein- Gordon equation 

The massive Klein-Gordon equation is given by 

{D + m^)^ = 0. (3.32) 

With the help of = {1/ y/^)Va{yf^g°-''Vb'if), we have 

^ d / ^ ^ d \ l<9/,^9\ l/a9 d ,,9\2 
[fiQ—)+-—lf2V—)-^(r'— + — -N, — ) 

(3.33) 



fidr\ drJ /2 <9p V dpJ fiQ^ dr da dtp) 

^ = . 



1/2^^ d 9\2 2 o.fd"^ 2 
.2 fJ^ \ I ('^2 , 2W 1 2 
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This equation is separable with a function 



(3.34) 



where iir, Ha and vr^ are constants again, and the functions R{r) and 6(p) satisfy the 
ordinary differential equations 



with the potentials given by f l3.28p including the separation constant k. By eliminating 



dR- 



K = 



/2 dp ('^^ dp ) 



+ 



K = 



(3.35) 



wl 



m 



the constant k is this time given by 



1 d 



dR 



fi dr ('^^ ^ dr J 



ftQ. 



+ 



1 d 



dQ 



f 2 dp i'^'^'^ dp J 



+ 



fiv 



(3.36) 



Again, it is straightforward to check that this constant coincides with the one following 
from the general property of the symmetry operator (]2.10p together with the Killing- 
Stackel tensor (13.231) . that is, we have 

= Vair"''Vb* = . (3.37) 

This is the relationship between Killing-Stackel tensor and separability of the Klein- 
Gordon equation. 



3.3. More general solution 

Our purpose here is to construct the most general solution of the Einstein-Maxwell- 
Chern-Simons theory, namely the equations (13. 2p and (13. 3p . for the type All off-shell 
metric (I3.17p . We adopt the ansatz that identifies torsion with the flux by 

T = ^*F . (3.38) 

Under the assumption (I3.38p . the Maxwell-Chern-Simons equation (13. 3 p and the 
Bianchi identity, dF = 0, are written as 

dT - \csi*T) A {*T) = , d*T = 0. (3.39) 

Substituting the expression for the torsion (I2.42p . the first equation requires both fi = f2 
and Acs = 1- Since /i and /2 are one variable functions of only r and p respectively, we 
find that /i = /2 must be constant and then it can be absorbed in A*"^ via rescaling of 
T and a. Thus, we may set /i = /2 = 1- The restriction to Acs = 1 corresponds to the 
minimal supergravity. The second equation then solves as 

Ni = ar^ + bir , A'2 = dp^ + , (3.40) 

where a, bi and 62 are constants. Note that a is a gauge parameter which can be 
eliminated by gauge transformation of ip. We set it to be zero. These conditions render 
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many components of the Einstein equations trivial. We need (0, 0) component to derive 
A = 0. Then (3,3) and (4,4) components determine Q and V as 

Q = cr"^ + rriir + gi , V = —cp^ + + q2 , (3-41) 

where c,mi,m2,qi and q2 are constants which satisfy 

qi-q2 = bl + bl. (3.42) 

Again the gauge freedom enables us to rescale c to be 1 so that we have obtained a 

five-parameter family of solutions. 

In order to compare it with the Kaluza-Klein black hole solution in Sec. 13. we 

make the coordinate transformation (13.160 and set /i = m2/a and go = q2/o.'^- The 

obtained solution is written as 

A/, .9^,,\2 E sin^ 6 
q = [dt- a sm^ edd)) H dr^ H ^ dO^ 

^ A sin2^ + /xcos^ + go-l 

+ ^^"'^ + ^^^^^ + ^°'^ [adt - [r- + a-) dcf)' 

+ [dip + ^{dt- a sin^ edcj)) + ^ [adt - (r^ + a^) 

V^foir . , . 9 ^ , ,\ v^62Cos6' / , / 9 
A = - -^^ — — {dt - a sm^ Odcp) + - — {adt - (r^ + a^) 

where 

A = + mir + a^go + + bl , S = + cos^ 6^ . (3.44) 

It can be seen that the metric is the uplift of the Kerr-Newman-NUT solution [2]. The 
result of Sec. 13. H is included as a special case /x = and go = 1. 

4. Construction of Kaluza— Klein black holes in heterotic supergravity 

In this section we consider abelian heterotic supergravity in five dimensions, which is the 
low-energy effective theory of heterotic string theory. The string-frame action consists of 
a (Lorentzian) metric Qfj^^, scalar field ip, U{1) gauge potential and 2-form potential 



(3.43) 



S = j e'^i^R + ^dipAdifi-^FAF-^^H AH^ , (4.1) 

where F = dA and H = dB — A A dA. The equations of motion are 

Rah - VaVb^ - Fa'F,, - ^Ha'"'H,,a = , (4.2) 

d(e'P *F)-e^*HAF = 0, (4.3) 

d{e'^ * if) = , (4.4) 

R - (V^)2 - 2VV - -^H' = 0. (4.5) 

We start from reviewing a known black string solution of this theory, revealing its 
Killing- Yano symmetry. Then using the general form of metric obtained in section 2, 
we construct a class of charged, rotating Kaluza-Klein black holes. 
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4.I. Hidden symmetry of the Mahapatra's solution 

Using the technique of S. F. Hassan and A. Sen p^, a charged, rotating black string 
solution with four parameters (m,a,5i,(52) was constructed by S. Mahapatra [23]. The 
solution is given by 

g = ^^(^dt-asin^edcp-wy +'^^^{dt-'^^^d(t)-wy 

+ ^rfr^ + ^de"^ + f # —w\ ^ , (4.6) 

A V 1 — a / 

A = - -^W , (4.7) 

1 — a 

B={^-dt + Y^^^) ^ ^ ' ^^-^^ 

— mr(l — a) , , . 

6^ = 1 + ^ ^ , (4.9) 

where 

A = r^ + a^-2mr, S = + cos^ ^ , (4.10) 

W = - \ \ (dt - a sin^ ed(P) . (4.11) 

L — mr(l — a) 

The parameters a, /3 and 7 are required to satisfy the relation = 1 + + 7^, which 
can be written by two parameters 61 and 62 as 

a = cosh (5i cosh (^2 , (3 = cosh 5i sinh ^2 , 7 = sinh^i . (4-12) 

The field strengths F and H are easily computed as 

F = —dW, H = 'nAdW, (4.13) 

1 — a 



where 



-#- - — 

a (1 — 

A,,, .9.,, a^sin^6',,, + 



77 = rft ^# - '—:,W 



(dt - a sin' ed^ -W)- ° (dt - W) 



^ (# —W) . (4.14) 



1 — a 1 — a 

4-1.1. Killing-Yano symmetry 

Let us unveil the Killing-Yano symmetry of the Mahapatra's spacetime. Performing 
the coordinate transformation (13.161) again, the metric (14.61) can be written in a simple 
algebraical form 

g= -^^[dr + p'da-W] + ^^(dr - r^da - w] 
r -\- p \ J r -\- p \ / 

+ "^^^dr^ + "^^^dp" + [dtlj + XW^ , (4.15) 
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where 



W = U^{dT + p^da) + ^idT- r'da) 

SP \ Zj Zj 



S S ' ^ ' (4.16) 

Q = — 2mr + , V = — p^ , Ni = — mr(l — a) , 

iV2 = 0, /i = l, /2 = 1, A= ^ 



1 — a 

We observe that this metric falls into the family AI (I2.36P in the general classification of 
Sec. 2. Similarly to the previous section, we consider hidden symmetry for the off-shell 
metric fl4.15p with Q, V, Ni, N2, fi, /2 and A replaced by unknown functions Q(r), 
V{p), Ni{r), N2{p), fi{r) and f2{p) and an arbitrary constant A. For the off-shell metric 
f l4.15p . the canonical frame is introduced as 



e- = \l^^dr^ e^ = f,J-^^idr + p^da-W) 



e^ = f-^dp, e^ = f2^-J^^idr-r^da-W) ^''''^ 
= dilj + XW . 

With respect to this orthonormal frame, the metric and the rank-2 generalised Killing- 
Yano tensor are written as fl3.2ip and fl3.22p . Furthermore, we also obtain a Killing- 
Stackel tensor of the form ( ]3.23p . Since the inverse metric is given by 
/ Q \2 ]^ / 

\0~s) fl{r^ + p^)QV''^ ^ ^^^0^ ^0^~ ^^^Oi^J 

+ —^—(—\^ + —^—(—\^+(—\^ (4 18) 

r'^+p'^xOrJ r'^+p'^\Op/ yOipJ ' 

the contravariant Killing-Stackel tensor can be written as 



,2 



Ot 0(7 Oljj ) 



~'~ + p2 ( (9r ) ~'~ + p2 ( 9p ) ^ ^ 

4-1-2. Separation of variables in the Hamilton-Jacohi equation 

For the off-shell metric fl4.15p . the geodesic equation fl3.25p can be solved by separation 
of variables with a function fl3.26p and obtain the ordinary differential equations (I3.27P 
with the potentials 

Wr = (r^ + Ni)n^ + TTa- AiVivr^ , V; = -(vrj + 7n^)r'^ + k , 
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W^p = (p2 + Ar2)7r, - vr, - AATaTT^ , = -(ttJ + m^)/ - k , (4.20) 

where the separation constant k is given by fl3.29p with the above potentials. Indeed, 
since this constant is related to the Killing-Stackel tensor fl4.19p with the general formula 
fl3.3ip . we find that separation of variables for the geodesic equation in the Mahapatra's 
spacetime is underwritten by the existence of the generalised Killing- Yano symmetry. 

4-1.3. Separation of variables in the Klein-Gordon equation 

In contrast to the case of minimal supergravity black holes, the Klein-Gordon equation 
fl3.32p for the off-shell metric f l4.15p does not separate. On the other hand, the deformed 
Klein-Gordon equation 

(□ + m2)^-(Va</^)(V'^^) = (4.21) 

does with = ln$. Eq. f l4.2ip is equivalent to Klein-Gordon equation in Einstein 
frame, 

(□£; + m2)^ = 0, (4.22) 

where is the d'Alembertian with respect to the Einstein-frame metric Qe = f'^^^g- 
Namely, separation of variables for the Klein-Gordon equation naturally occurs in the 
Einstein frame. The similar situation was seen in the Kerr-Sen black holes 1211. 



4.2. Kaluza-Klein black hole solutions 

We attempt to find the general solutions of the equations of motion (14. 20 - 04. 5p which 
take the form of type AI metric fl4.15p . under the ansatz for the matter fields 

¥P = ln<l>, F = CFdW, H = chT, (4.23) 

where T is the type AI torsion fl2.38p . For a non-trivial solution, equation (14.30 requires 

CH = l. (4.24) 

Under this condition, the rest of (14.30 become dependent on the dynamical equations 
of H (14.40 . Combined with the diagonal part of the Einstein equations (14. 2p . one can 
derive 

/i = /2, or /i = /V, /2 = /V, (4.25) 

where / is constant. Since the latter is not consistent with the off-diagonal terms of 
the Einstein equations, we focus on the former and set /i = /2 = 1 by redefining the 
coordinates as before. The remaining component of (14.40 and the (3, 4)-component of 
M lead to 

Ni = ar^ + bir, N2 = dp^ + (4.26) 
Finally, the consistency condition dH = —F A F determines V and Q as 

V{p) - Q(r) = - (4 + A') (r^ + p^) + c^{r^ + p')<l>. (4.27) 
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fl4.25p . fl4.26p and fl4.27p are sufficient to guarantee that all the remaining equations are 
satisfied. By means of the physically irrelevant rescaling of $, one can choose a = 
(note our definition of $ f l4.16p contains the normalised constant term) and derive 

Q= [cp + \^ - c$) + bic^r + cq, 

V = - {cp + X'^ - c$) + b2C^p + Cq. 

The overall factor of V and Q can be gauged away, leaving a family of solutions with five 
parameters (cq, cp, c$, 61, 62), describing charged, rotating black holes and black strings. 



5. Summary and Discussions 

Firstly, we have classified five-dimensional metrics admitting a rank-2 generalised 
Killing- Yano tensor under the assumption that its eigenvector associated with the zero 
eigenvalue is a Killing vector field. The metrics have been classified into three types 
A, B and C in general, and local expressions of the corresponding metrics have been 
obtained explicitly. One of the open problems is to classify them without assuming the 
Killing vector, in the presence of torsion. In this case, the large number of unknown 
variables arising from the components of ^ makes it difficult to solve the integrability 
conditions. However, even if it is not possible to obtain a general classification, it would 
be of a great interest as an attempt to find spacetimes of cohomogeneity three. 

We also have demonstrated separability structures of the Hamilton- Jacobi and 
Klein-Gordon equations for some known charged, rotating Kaluza-Klein black hole and 
black string solutions in the five- dimensional minimal supergravity as well as heterotic 
supergravity. We have found that those spacetimes fall into the class of the type A 
metric and the separability structure is indeed related to the underlying generalised 
Killing- Yano symmetry. Hence, it would be also interesting to study separability of 
the Dirac equation and other test field equations such as Maxwell's equations in those 
spacetimes. In our calculation, the torsion tensors associated with the generalised 
Killing- Yano symmetry have been identified with the matter fields as T = *F/\/3 
in the five-dimensional minimal supergravity and as T = i/ in the abelian heterotic 
supergravity, which is analogous to the asymptotically fiat black hole spacetimes. In 
the limit of vanishing torsion, both of them reduce to the Kerr string solution. 

The obtained classification provides an alternative to various approaches for finding 
new exact solutions. In fact, using the type A metrics derived in Sec. 2, we have 
constructed the general solutions describing charged, rotating Kaluza-Klein black 
holes in the five-dimensional minimal supergravity and abelian heterotic supergravity. 
Although we have concentrated on the type A metrics in this paper since our primary 
aim has been the application to Kaluza-Klein black holes, type B and C metrics also 
offer possibilities to find novel exact solutions, which can be interesting since they exist 
only when the torsion is present. It should also be commented that all the calculations 
in this paper can be generalised to odd dimensions higher than five. It would enable us 
to seek uplift of charged, rotating black hole solutions to higher dimensions. 
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In the existence of the ordinary Kilhng-Yano tensors was investigated on 
nearly Kahler manifolds and on manifolds with a weak G'2-structure. The Killing- 
Yano equations on manifolds with G-structure were investigated in the absence [30] 
and presence [31] of torsion. The generalised Killing- Yano tensors are also related to 
Kahler manifolds in even dimensions and Sasaki manifolds in odd dimensions. It was 
demonstrated in [22] that Kahler manifolds studied by [33] admit rank-2 generalised 
conformal Killing-Yano tensors. In odd dimensions, a concrete example of the Killing- 
Yano tensor was constructed [32] on Sasaki manifolds studied by [31]. Moreover, a 
notion of deformed Sasaki manifolds in the presence of torsion was introduced by [25] 
and the authors have shown an example admitting a rank-3 generalised closed conformal 
Killing-Yano tensor. It can be shown that the Sasaki manifolds with torsion discussed 
in [25] also take the form of the type A metrics in our classification. The present work 
might be useful to obtain further examples of Sasaki manifolds with torsion. 

Acknowledgment s 

We are grateful to Gary W. Gibbons, David Kubiziiak and Yukinori Yasui for reading 
the manuscript and helpful comments. T. H. would like to thank DAMTP, University 
of Cambridge, for the hospitality. K. Y. would like to thank the Institute of Theoretical 
Astrophysics in the University of Oslo for providing the stimulating environment. The 
work of T. H. was supported by the JSPS Strategic Young Researcher Overseas Visits 
Program for Accelerating Brain Circulation "Deepening and Evolution of Mathematics 
and Physics, Building of International Network Hub based on OCAMI." 

References 

[1] Yano K 1952 Some remarks on tensor fields and curvature Ann. Math. 55 328-347 

[2] Carter B 1968 Hamilton-Jacobi and Schrodinger separable solutions of Einstein's equations 

Commun. Math. Phys. 10 280-310 
[3] Dictz W and Riidiger R 1982 Spacetimcs admitting Killing-Yano tensors II Proc. R. Soc. Lond. 

A381 315-322 

[4] Frolov V P and Kubiziiak D 2008 Higher-Dimensional Black Holes: Hidden Symmetries and 
Separation of Variables Class. Quant. Grav. 25 154005 |arXE;0802.0322) 

[5] Yasui Y and Houri T 2011 Hidden Symmetry and Exact Solutions in Einstein Gravity Prog. Theor. 
Phys. Suppl. 189 126-164 (arXiv:1104.0852) 

[6] Santillan O P 2011 Killing-Yano tensors and some applications J. Math. Phys. 53 043509 
(arXiv:1108.0149) 

[7] Myers R C and Perry M J 1986 Black holes in higher dimensional space-times Ann. Phys. NY 172 
304-347 

[8] Hawking S W, Hunter C J and Taylor-Robinson M M 1999 Rotation and the AdS/CFT 

correspondence Phys. Rev. D59 064005 fhep-th/9811056) 
[9] Gibbons G W, Lii H, Page D N and Pope C N 2004 Rotating black holes in higher dimensions 
with a cosmological constant Phys. Rev. Lett. 93 171102 (he p-th/0409155 |) 
[10] Chen W, Lii H and Pope C N 2006 General Kerr-NUT-AdS metrics in aU dimensions Class. 

Quant. Grav. 23 5323 (hep-th/0604125) 
[11] Tachibana S 1969 On conformal Killing tensor in a Riemannian space Tohoku Math. J. 21 56-64 



22 



Kashiwada T 1968 On conformal Killing tensor Nat. Sci. Rep. Ochanomizu Univ. 19 67-74 
Kubiziiak D, Kunduri H K and Yasui Y 2009 Generalized Killing- Yano equations in D=5 gauged 

supergravity Phys. Lett. B678 240-245 (arXiv:G9G5.0722) 
Kubiziiak D, Warnick C M and Krtous P 2011 Hidden symmetry in the presence of fluxes Nucl. 

Phys. B678 185-198 (arXiv:1009.2767) 
Chong Z W, Cvetic M, Lii H and Pope C N 2005 General Non-Extremal Rotating Black Holes in 

Minimal Five-Dimensional Gauged Supergravity Phys. Rev. Lett. 95 161301 (hep-th/0506029) 
Sen A 1992 Rotating charged black hole solution in heterotic string theory Phys. Rev. Lett. 69 

1006-1009 (hep-th/9204046) 
Cvetic M and Youm D 1996 Near-BPS-Saturated Rotating Electrically Charged Black Holes as 

String States Nucl. Phys. B477 449-464 (|hep-th/9605051|) 
Chow DDK 2010 Symmetries of supergravity black holes Class. Quant. Grav. 27 205009 

(arXiv:0811.1264) 

Krtous P, Frolov V P and Kubiziiak D 2008 Hidden symmetries of higher dimensional black holes 

and uniqueness of the Kerr-NUT~(A)dS spacetimc Phys. Rev. D78 064022 (|arXiv:0804.4705p 
Houri T, Oota T and Yasui Y 2009 Closed conformal Killing- Yano tensor and uniqueness of 

henerahzed Kerr-NUT-de Sitter spacetime Class. Quant. Grav. 26 045015 (arXiv:0805 .3877|l 
Houri T, Kubiznak D, Warnick C M and Yasui Y 2010 Generalized hidden symmetries and the 

Kerr-Sen black hole JHEP 07 055 (arXiv:1004.1032) 
Houri T, Kubiznak D, Warnick C M and Yasui Y 2012 Local metrics admitting a principal Killing- 

Yano tensor with torsion Class. Quant. Grav. 29 165001 (arXiv:1203.0393) 
Mahapatra S 1994 Rotating charged black string solution Phys. Rev. D50 947-951 

(heirth7930Tl25) 

Carter B and McLenaghan R G 1979 Generalized total angular momentum operator for the Dirac 

equation in curved space-time Phys. Rev. D19 1093-1097 
Houri H, Takeuchi H and Yasui Y 2012 A deformation of Sasakian structure in the presence of 

torsion and supergravity solutions (arXiv: 1207.0247) 
Elvang H, Emparan R, Mateos S and Reall S H 2005 Supersymmetric 4D Rotating Black Holes 

from 5D Black Rings JHEP 08 042 (he p-th/0504125 [) 
Matsuno K, Ishihara H, Kimura M and Tatsuoka T, Charged rotating Kaluza-Klein multi-black 

holes and multi-black strings in five-dimensional Einstein-Maxwell theory Phys. Rev. D86 

104054 (l arXiv:12 08.5536) 
Hassan S F and Sen A 1992 Twisting Classical Solutions in Heterotic String Theory Nucl. Phys. 

B375 103-118 (hep-th/9109038) 
Semmelmann U 2002 Conformal Killing forms on Riemannian manifolds (math/0206117|) 



Papadopoulos G 2008 Killing- Yano equations and G-structures Class. Quant. Grav. 25 105016 
(arXiv:0712.0542|) 

Papadopoulos G 2011 Killing- Yano equations with torsion, worldline actions and G-structures 
(arXiv:1111.6744| 

Visinescu M 2012 Killing forms on the five-dimensional Einstein-Sasaki Y(p,q) spaces Mod. Phys. 

Lett. A27 1250217 (arXiv:1207:2581) 
Apostolov V, Calderbank D M and Gauduchon P 2006 Hamiltonian 2-forms in Kahler geometry, 

I General Theory J. Diff. Geom. 73 359-412 (|math/0202280) 
Gauntlett J P, Martelh D, Sparks J and Waldram D 2004 Sasaki-Einstein Metrics on S"^ x 

Adv. Theor. Math. Phys. 8 711-734 (h ep-th/0403002| ) 



